We extend recent work on the discretization of photonic continua. A two-level atom is coupled to a photonic bandgap reservoir, which we model by a large number of discrete modes. The atom is also coupled to a defect mode inside the gap, which acts as a photon source that can pump the atom. Propagating the wavefunction of the system, we obtain results pertaining to the problem of two and three photons in the reservoir, for various states of the defect field. For a wide range of parameters we find that part of the total initial excitation remains trapped to the atom and the defect mode in the long-time limit, while the atomic population may exhibit inversion. We further investigate the dynamics of an atomic Dicke system, with transition frequencies at the edge of a photonic bandgap.
Introduction
In recent work [1] , we have introduced and explored a method for handling more than one-photon excitations in structured radiation reservoirs. The issue arises whenever a small system, such as a few-level atom or collections thereof, is coupled to a reservoir whose density of states (DOS) is not sufficiently smooth to allow the standard Born and Markov approximations which are necessary for the derivation of a master equation; a standard tool in quantum optics. Problems of this type (non-Markovian) have been stimulated in recent years by the advent of photonic crystals whose DOS does indeed exhibit unconventional features [2] [3] [4] .
As long as only one photon is exchanged between the small system and the reservoir, the problem can be handled through the direct solution of the respective time-dependent Schrödinger equation [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The direct extension of this approach to situations involving more than one photon in the reservoir does not seem tractable [5, [17] [18] [19] [20] [21] [22] . As one way of circumventing this mathematical difficulty, we introduced an alternative approach in which the radiation continuum is discretized, thus converting the problem to the solution of a number of differential equations. Having tested the method in contexts amenable to exact solutions [1] , we then proceeded to address problems involving more than one photon in the structured reservoir. This has allowed us to solve the problem of a defect mode and an atom interacting with the reservoir [1] as well as the problem of a ladder system with both transitions strongly coupled to the edge of a photonic bandgap (PBG) continuum [23] . The latter led us to what we have called the 'two-photon + atom' bound state. At this point it should be noted that other approaches aiming at the treatment of non-Markovian problems, based on quantum Monte Carlo and quantum state-diffusion methods, have also been proposed [24] [25] [26] [27] [28] [29] [30] . Although at first sight all of these approaches seem applicable to reservoirs of any DOS, up to now mathematical and computational difficulties seem to have limited their application to relatively tractable problems, involving weakly non-Markovian systems (weak-coupling regime) and standard spectral responses (mainly second-order Lorentzian profiles).
In this paper, we present a somewhat more detailed description of the discretization approach, exploring its range of computational demands and applicability at the moment. In this spirit, we present results involving three photons in the reservoir and discuss the scaling of computational requirements with increasing number of photons. A further extension of our studies addresses the possible effect of the departure of the state of the defect mode from a pure Fock state. Finally, we also address the problem of a two-atom super-radiant system [31] [32] [33] without resorting to a meanfield approximation [34] [35] [36] , which enables us to obtain the solution during the initial transient period as well. In both of the above extensions, the presence of more than one photon in the reservoir has been handled through the discretization approach. The above three topics correspond to the sections of the paper that follow, with a summary presented in section 4.
A single two-level atom coupled to a defect mode
We consider a two-level atom (TLA) with ground (|g ) and excited (|e ) states whose energy difference ishω 0 . The atom is coupled to a continuum exhibiting a gap, as well as a defect mode centred at the frequency ω d inside the gap. The Hamiltonian (h = 1) for this system in the rotating wave approximation (RWA) reads
where σ + = |e g| and σ − = |g e| are the atomic raising and lowering operators and
and (a λ , a † λ ) correspond to the defect mode and the PBG reservoir, respectively, which are coupled to the atom via the respective coupling constants g d and g λ .
The defect field can be either in a pure Fock state or in a mixture. In order to obtain the time evolution of the system, we have to take into account states beyond the one-photon sector of the reservoir. As the simplest case, in the following subsection we consider the TLA initially excited, interacting with a defect mode prepared in a Fock state and no photons present in the PBG reservoir. We thus begin by considering the atom-field state vector |ψ(n, t) that evolves in time from an initial state with a fixed number of excitations in the system.
Defect field in a pure Fock state
When the defect mode is initially empty, the wavefunction for the system can be written as (2) where the states involved are product states and, for instance, |g; 0 d , 1 µ = |g |0 d |1 µ where |0 d is the zero-photon state of the defect mode and |1 µ is a one-photon state of the reservoir.
The initial state vector of the system is |ψ(0, 0) = |e; 0 d , 0 and the amplitudes obey the Schrödinger equation with the Hamiltonian given by equation (1) . Thus we havė
The time evolution of |ψ(0, 0) is a one-photon problem and is amenable to standard techniques such as the resolvent operator. Assuming, however, the defect mode initially prepared in a photon-number state |n d with n = 0, several excitations of the structured continuum are involved, thus demanding multiple integrations over photonic continua: a situation not amenable to standard techniques. For instance, considering the defect mode initially prepared in the one-photon Fock state (n = 1), we have a total of two excitations and, thus, the state vector of the system reads
where b λµ = b µλ and initially |ψ(1, 0) = |e; 1 d , 0 . Let us first solve the problem in the context of the so-called isotropic model [3] , for which the spectral response D I (ω) for the PBG continuum is given by
where C is the effective coupling of the atomic transition to the structured continuum and ω e the band-edge frequency. In the spirit of discretization, we substitute the DOS between an upper (ω u ) and a lower (ω l ) frequency, which are essentially around the atomic transition, by a large set of discrete modes. For the model under consideration, the lower limit of the discretized part is ω l = ω e , as is determined by the appearance of the Heaviside step function ( (ω − ω e )) in equation (7). It has been shown that, for the isotropic DOS, the frequencies of the discrete modes can be taken as [1, 23] 
and the atom is coupled to each of them with one and the same coupling constant,
Introducing N discrete modes, the spacing δω is determined by the upper-limit condition, ω u = ω e + N 2 δω. The time dependence of the amplitudes is governed by the Schrödinger equation, and after eliminating the off-resonant part of the continuum (ω > ω u ) we find [1] :
where j, k are mode indices and for all discrete modes
The shift terms are given by 
and in general can be evaluated by converting the sum into an integral for ω > ω u and ω < ω l . In a recent paper [1] , this set of differential equations was solved for a particular choice of parameters
, and a rather unusual behaviour was found.
Specifically, there is an initial dynamic regime where the atom exchanges energy with both the defect mode and the PBG continuum. In this regime, part of the total initial excitation is lost. On a longer timescale, although the atom is not fully excited, it seems to become transparent to the defect field. In other words, the defect mode exchanges energy with the PBG reservoir, while the atomic population remains practically constant. Since the defect mode is not directly coupled to the continuum, any oscillations in the defect excitation must involve the atom; these are not reflected, however, in the atomic inversion.
We have investigated this behaviour in terms of the parameters of the problem. In figure 1 we plot the atomic 
inversion (dotted curve), the mean number of photons in the defect mode (solid curve) and the populations in the onephoton sector (dot-dashed curve) and the two-photon sector (dashed curve) of the reservoir Hilbert space as functions of time, for various couplings of the atom to the defect mode. Both the atom and the defect mode are chosen to be slightly detuned from the band-edge frequency. Clearly, a change in the magnitude of g d in relation to C 2/3 does not affect the atomic oscillations for larger times, but it does affect the relative oscillations of the excitations in the defect mode and the reservoir, which are smoothed out with increasing g d .
When the frequencies of both the atom and the defect mode are pushed further inside the gap, the atom does not become transparent to the defect field. As is depicted in figure 2(a), for couplings of the same order of magnitude as the atomic detuning, the atom (solid curve) exchanges energy with the defect mode (dot-dashed curve) and the PBG continuum, even for larger times. Note also that a significant part of the total initial excitation (dashed curve) remains trapped to the atom and the defect mode. As the coupling constant g d increases, however, the oscillations at larger times are suppressed and we find less excitation trapping in the long-time limit.
In the language of dressed states, the coupling of the atom to the defect mode, as well as the interaction with its own localized radiation field, causes a splitting of the atomic levels. A fraction of the dressed states is pulled into the gap where it is protected from dissipation, while the rest is pushed away from the gap, towards the allowed part of the continuum. Hence, any oscillations in the atomic population can be interpreted as interference between these dressed states. In the long-time limit, the component outside the gap will eventually decay. In contrast, the stable-dressed states inside the gap are associated with a non-zero steady-state atomic population. The coupling of the atom to the defect mode determines the magnitude of the splitting and thus the portion of the total initial excitation which remains trapped to the atom and the defect mode in the long-time limit.
It is well known that, in the isotropic model, the bandedge is associated with an entire sphere, | k| = | k 0 |, rather than a point, k = k 0 . This leads to an artificial divergence of the isotropic DOS for frequencies close to the band-edge, which is also reflected in the corresponding spectral response (equation (7)). This sharp peak at the edge tends to exaggerate certain effects, such as the existence of the 'photon + atom' bound state for atomic transitions outside the gap. It is worth, therefore, investigating the persistence of the above-mentioned effects in the context of other DOS models. With this intention, we adopt the Lorentzian-type profile of DOS that we have recently employed in related work [23] . The corresponding spectral response is of the form
where γ is the open-space decay rate of the atom, while p and are the order and the width of the Lorentzian, respectively. Choosing an upper (ω u ) and a lower (ω l ) frequency such that ω u > ω l , we substitute the DOS by a number, let us say N, of equidistant discrete modes symmetrically placed around the mid-gap frequency ω c . The coupling of the atom to each one of these modes is then given by
where the spacing of the modes is δω = |ω u − ω l |/N. Given the discretization, the problem of the emission of two photons by the driven TLA can now be explored under the spectral response of equation (17) . Specifically, eliminating the part of the continuum involving frequencies for ω < ω l and ω > ω u , we finally obtain a set of coupled differential equations similar to equations (10)-(15) which governs the time evolution of the system atom + modes. The shift terms can be easily evaluated numerically, while for the sake of simplicity all detunings can be defined with respect to ω c .
In figure 3 , we present results pertaining to an eighth-order Lorentzian profile DOS (p = 8). The population in the excited state of the atom (solid curve), the defect excitation (dotdashed curve) and the excitation in the PBG continuum (dashed curve) are plotted as functions of time for 0 = d = 0.5γ and g d = 1.5γ . In contrast with the isotropic model, the Lorentzian DOS is zero only for ω = ω c , while there is a range of frequencies around ω c over which D L (ω) can be orders of magnitude less than in open space. As a result, the dressed states inside the gap do not persist for ever and the corresponding excitation will eventually be lost ( figure 3) . The timescale on which this decay takes place is determined by the width and the depth of the gap. Thus, what should be kept in mind is that the excitation may remain trapped to the atom and the defect mode for a very long time, which for all practical purposes is equivalent to t → ∞. This issue has been also discussed in the context of a ladder atomic system with both transitions coupled to the same structured radiation reservoir, where we found the formation of a 'two-photon + atom' bound state [23] .
By means of the discretization approach, problems pertaining to more than two photons in a structured reservoir of any DOS can be treated in the same way. It should be noted, however, that the number of equations to propagate 
scales roughly as N q , where N is the number of discrete modes and q is the number of excitations. Thus, the ultimate limitation of the approach is determined by computer memory and CPU time. In the appendix, we present the wavefunction as well as the corresponding equations of motion, pertaining to a three-photon problem. Adopting the isotropic model for the description of the PBG continuum, the time evolution of the system is shown in figure 4 , where we plot again the excitations for various couplings and detunings of the atom and the defect mode from the band-edge. The dynamics resemble those of the two-photon problem, with the atom and the defect mode exhibiting non-zero excitation trapping in the long-time limit, and the atom becomes transparent to the defect field for detunings slightly inside the gap.
A further issue needs to be raised here in connection with the steady-state population of an atom initially prepared in its ground state (|ψ(n, 0) = |g; n d , 0 ). Specifically, although the basic effects we have discussed so far remain practically the same, the atom may exhibit population inversion in the long-time limit. Such a case is depicted in figures 5(a) and (b), where the atomic inversion is plotted as a function of time, for a defect mode initially prepared in a two-and three-photon Fock state, respectively. Clearly, although the defect field is relatively weak, the atom can be found inverted in the longtime limit. Such an inversion cannot be obtained in the context of resonance fluorescence in ordinary vacuum even for strong driving fields. This is due to the fact that all three bands of the Mollow triplet exhibit decay. For a PBG, however, one or more of them can be found inside the gap, exhibiting thus negligible decay and population trapping in the long-time limit. It is the combination of the coupling (g d ) and the atomic detuning that conspire to produce this behaviour and consequently to lead the atomic system to a steady-state population inversion in both figures 5(a) and (b). As g d increases in relation to 0 , the main part of the atomic population is lost in the long-time limit ( figure 5(c) ). Finally, it is worth noting that some features of the band-edge resonance fluorescence have been predicted in related works where the inversion has also been noted [5, [17] [18] [19] [20] 22] . Since, however, the general Figure 4 . The evolution of the system (atom + defect mode + continuum) is plotted as a function of time. The dotted curve is the population in the upper-atomic state. The solid curve is the mean photon number in the defect mode, the dashed curve is the population in the one-photon sector of the reservoir Hilbert space, the long-dashed curve is the population in the two-photon sector of the reservoir Hilbert space and the dot-dashed curve is the population in the three-photon sector of the reservoir Hilbert space.
validity of the methods employed has been questioned in the literature [17, 18] , it is perhaps relevant to point out that an exact calculation, albeit for a small average number of photons, leads to the same prediction.
Defect field in a mixture of Fock states
Up to now, we have discussed problems with a well defined number of excitations in the system. It could be argued, however, that the assumption of a defect mode initially prepared in a pure Fock state is somewhat restrictive. Although in recent years such initial conditions have become experimentally realizable, at least in the context of cavity quantum electrodynamics, a general and more usual condition would involve a defect field with statistical properties well defined but not the number of photons. In this spirit, the state 
of the defect field may be a superposition of Fock states,
where |n d is the n-photon state, or even a mixture. Although the number of photons is then uncertain, the statistical properties of the field are well defined with a mean number of photonsn and the photon number distribution P(n) = |c n | 2 , i.e. the probability of observing n photons. If the defect field is in a coherent superposition of Fock states (coherent state), the photon probabilities follow the Poissonian distribution, i.e.
P(n) =n
while for a thermal defect field, the photon-number distribution is given by the Planck probability distribution,
with the mean number of photons being temperature dependent and given byn
where T is the temperature. One of the properties of the Hamiltonian (1) is that each state vector |ψ(n, t) evolves independently. As a result, if the combined system (atom + defect mode + continuum) is initially prepared in a state of the form
the probability of finding the atom excited at time t is given by 
where the first sum R is over all possible states of the PBG reservoir while the second one is over an infinite number of state vectors for the defect mode. If, however, the average photon numbern in the defect mode is small, only terms involving small n will contribute significantly, thus making the computation feasible, as far as demands of the necessary number of discrete modes are concerned.
Let us now consider such a case where the defect field is initially prepared in either a coherent or a chaotic state with mean number of photonsn = 0.5. For this choice of mean photon number, the contribution of state vectors with n > 3 to the sum is negligible. Adopting the isotropic model of DOS, we have the time evolution of each state vector |ψ(n, t) , for a total of up to three excitations and thus the evaluation of | (t) is feasible. Figures 6(c) and (d) show the time evolution of the atomic population for a coherent or chaotic defect field, for
2/3 . Additionally, we plot the atomic population ( figures 6(a), (b) ) of an initially excited TLA resonantly coupled to a high-Q cavity mode, which is given by
where is the intrinsic Rabi frequency. It is well known that the superposition of periodic oscillations such as equation (25) produces irregular fluctuations as depicted in figures 6(a) and (b). As the driving field becomes stronger, i.e. the mean number of photons becomes larger, the constructive interference between Rabi oscillations corresponding to different photon numbers leads to the collapse of the oscillations, which for a coherent state will revive afterwards. Due to computational limitations for the time being, we restrict ourselves to weak fields (n < 1) where such phenomena are not present. Even in this regime, however, the atom with transition frequency at the edge of a PBG exhibits substantially different behaviour from a TLA coupled to a high-Q cavity mode.
To be specific, in contrast to figures 6(a) and (b), the fluctuations in figures 6(c) and (d) take place over short times. On a longer timescale the atom exhibits non-zero steadystate population. This behaviour is not related to the socalled collapses in the Jaynes-Cummings model. On the contrary, as we have discussed in section 2.1, it is intimately connected to the existence of the gap. The population trapping would most likely persist even for a larger mean number of photons, since each state vector |ψ(n, t) exhibits such behaviour (figures 2, 4) and thus, for the case of a coherent field, is expected to affect the appearance of the revivals.
Few-atom superradiance at the edge of a PBG
The problem of superradiance in the context of PBG continua and for a sufficiently large number of atoms can be and has been handled in terms of the mean-field approach [34] [35] [36] , which provides the behaviour of the collection beyond the initial transient regime. For collections of a few atoms, however, the phenomenon is purely quantum mechanical and, thus, semiclassical approaches fail to capture the influence of the vacuum fluctuations. By means of the discretization approach we can obtain exact calculations of the dynamics of small super-radiant systems for all times. In this paper we have chosen to present results pertaining to the simplest super-radiant scheme, i.e. two closely spaced, initially excited TLAs, identically coupled to a PBG continuum modelled by the isotropic DOS.
Let |e i (|g i ) be the upper (lower) state for the i TLA with i ∈ {1, 2}. The macroscopic-atomic dipole and inversion operators are J + = i |e ii g|, J − = i |g ii e|, J z = i (|e ii e| − |g ii g|) and obey the well known commutation
Introducing the Dicke states |j, m where j = 1 and m ∈ [−j, j ], the wavefunction of the full system can be written as
with b λµ = b µλ . The Hamiltonian of the total system in RWA and in the context of discretization reads (27) where ω 0 is the atomic transition frequency, while the frequency ω k and the creation (annihilation) operator a † k (a k ) corresponds to the k mode, which is coupled to each one of the transitions |j, m ↔ |j, m ± 1 via a coupling constant g k . Using the Schrödinger equation, we obtain equations of motion for the amplitudes:
where l, n are indices over all discrete modes, while all transitions |j, m ↔ |j, m ± 1 are identically coupled to each one of them with a coupling constant given by equation (9) . The detunings are defined with respect to the band-edge frequency, i.e. 0 = ω 0 − ω e and l(n) = ω l(n) − ω e , while the shift term S can be obtained from equation (16) . It is worth noting here the appearance of the factor √ 2 in front of the couplings in equations (28)- (31) , which indicates that the collective radiative decay rate for the two-atom superradiant system in the isotropic PBG model is 2 2/3 times larger than the decay rate of each individual atom. Propagating equations (28)- (31) , for N = 50 we obtain the evolution of the initially excited system.
In figure 7 (a), we plot the atomic inversion J z as a function of time for various detunings of the atomic resonant frequency from the band-edge. For detunings far outside the gap (solid curve), the dynamics resemble those of a superradiant system in open space; that is, the system has completely decayed in the long-time limit. For detunings inside the gap, however, we note substantially different behaviour (dashed and dot-dashed curve). After an initial transient regime where part of the population is lost, the super-radiant behaviour is turned off and thus a significant part of the total initial excitation remains bound at the atoms, in the long-time limit. The atomic excitation at each time is given by
where σ The quantum correlation between the two atoms (1 and 2), as is determined by σ figure 7(b) . In open space, the correlation increases from zero at t = 0 to a maximum value as the system cascades down the ladder of Dicke states. The maximum value corresponds to a halfexcited system and, as the system keeps cascading down the ladder, the correlation between the atoms goes to zero. In the PBG case, however, the atoms are correlated in the long-time limit, with the degree of the final correlation being dependent on the atomic detuning from the band-edge. Note also the oscillatory behaviour of both inversion and correlation, instead of the exponential decay of open space. Apparently, the behaviour of the collection has the main features of the singleatom dynamics at the edge of the gap. These oscillations stem from the strong interaction of the ensemble with its own localized radiation, which leads to vacuum Rabi splitting of the atomic levels. In the isotropic model of DOS, these oscillations are more pronounced than any other DOS model [35] .
Summary
In this paper, we have elaborated on certain aspects of resonance fluorescence in the context of PBG continua by means of the discretization approach. An atom with transition frequency near the edge of a gap is driven by a defect mode centred at a frequency inside the gap. Although the atom is coupled to a dissipative environment, for a wide range of parameters we found excitation trapping in the long-time limit, which persists even for atomic interactions with coherent or thermal defect fields. For moderate values of the atomic coupling to the defect mode, the atomic population may exhibit steady-state inversion. We have also investigated some of these features in the context of a Lorentzian, but still isotropic, DOS. For an atom and defect mode slightly detuned from the bandedge we found that, after some initial time, the atom becomes transparent to the defect field. Although the defect mode is coupled to the reservoir not directly but only through the atom, photons are exchanged between them while the atomic population remains practically constant.
Finally, we briefly discussed the super-radiance problem in the context of two TLAs with transition frequencies close to the edge of the gap. The dynamics of the atomic super-radiant system for atomic transitions inside the gap is substantially different than in open space, in terms of the inversion as well as the correlation between the two atoms. Specifically, the system reaches a stable state in the long-time limit where a significant part of the excitation remains bound at the atoms. As a result the atoms are correlated with the degree of correlation being dependent on the atomic detunings from the band-edge frequency.
